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Experimental Evaluation of Flexible Manipulator
Trajectory Optimization
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Experimental results showing the effectiveness of trajectory optimization for reducing vibration excitation in
point-to-point maneuvers of � exible manipulators are presented. Joint trajectories are found as the solution to a
functional (or global) optimization problem. To reduce vibration, the functional is chosen to be the strain energy
of the manipulator integrated over the time interval of the motion. A numerical example is presented to help
verify the algorithm. A laboratory-based � exible-link manipulator is then described, and a model of its dynamics
is obtained by combining analysis with experimental parameter identi� cation. Through the use of the model, the
optimal trajectory is generated and compared, both in simulation and experimentally, to a polynomial trajectory
and the globallyoptimalstraight-linetrajectory. The experiments agree with the simulationin con� rming that joint
trajectory optimization can signi� cantly reduce the total strain energy incurred during point-to-point motions.

Introduction

R OBOTIC manipulators that are required to have both a long
reach and reduced weight typically also possess signi� cant

structural � exibility. A prominent example is the space station re-
mote manipulatorsystem to be used in the constructionof the space
station.A common task for such manipulators,referredto as a point-
to-point maneuver, is to move the joints starting from the current
con� guration and stopping at a given � nal con� guration. To avoid
havingto compensatefor residualvibrationof the � exiblemanipula-
tor, it is also desirableto require that both jointmotion and structural
vibration are zero at the � nal con� guration. Because point-to-point
maneuvers between the given con� gurations are not unique, a par-
ticularmaneuvercan be selectedthat is optimalwith respect to some
objective. In this work we focus on functional, or global, trajectory
optimization, in which a cost function is integrated over the time
interval of the trajectory.

Optimal slewing of � exible bodies has been considered exten-
sively for space applications.1 However, such works typically only
consider linear, time-invariant dynamics models with a single rev-
olute joint.2 For example, Thompson et al.3 construct a nominal,
discontinuous bang–bang torque pro� le smoothed by arctangent
functions. The smoothing parameters are chosen � rst, and then the
optimal torque is determined to minimize the slewing time. Al-
though the smoothing gives a near-minimum-time solution, it al-
lows a tradeoffbetween minimizing maneuver time and minimizing
residual vibration.

Anothermethod for eliminating residual vibration in linear, time-
invariantsystemsis referredto as input shaping.4 A copyof the com-
manded input (of the same shape but perhaps delayed and scaled)
is superimposedon the commanded input to cancel exactly residual
vibration. Some robustness properties are derived, and the method
is successfully applied to a nonlinear model of the shuttle remote
manipulator system undergoing a relatively small-angle, point-to-
pointmaneuver.Banerjee and Singhose5 considerthe applicationof
multimode input shaping for endpoint trackingcontrolof a two-link
� exible robot. Their simulation results demonstrate robust perfor-
mance and signi� cant improvement in repetitive tracking of a � xed
trajectory.

For point-to-point maneuvers of a single joint manipulator, the
joint path is trivial, and only the speed pro� le along the path is
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optimized.Multijoint � exible manipulatorspermit the optimization
of both the joint path and the speed along the path, perhaps given
implicitly by the joint accelerations or torques. For redundant ma-
nipulators,a tip trajectory is usually speci� ed, and the motion of the
redundantdegreesof freedomis optimized.Forexample,Meirovitch
and Chen6 resolved the redundancy of a rigid approximation of a
� exible space robot by globally minimizing the norm of the joint
rates and then designed a feedback control to reduce the elastic dis-
turbance to the nominal joint trajectory. Note that the trajectory is
not determined to minimize vibration. Heuristics may also be used
to approximate a globally optimal trajectory.7;8

A typicalapproachto globaloptimizationfor general � exiblema-
nipulators is to assume some functional form for the solutionand to
determinetheoptimalparameters.Mohri et al.9 calculatetheoptimal
knot points in a B-spline interpolation of the speed pro� le along a
given joint path. Tu and Rastegar,10 Kim and Rastegar,11 and Tu and
Rastegar12 have used truncatedFourier series with frequenciescho-
sen not to coincide with the natural frequencies of the system. The
optimization objectives were to minimize the energy of the higher
harmonics10;11 or to minimize tip-trackingerror.12 Eisler et al.13 also
did not penalize link vibration, but minimized travel time or tip-
tracking error subject to joint torque constraints. Optimization was
of 27 joint torque values, which were linearly interpolated for sim-
ulation. Zhao and Chen14 used sinusoids to approximate the tip tra-
jectory of a planar two-link � exible manipulatormounted on a rigid
free-� oatingspace station.The two-stageobjectivewas to search for
a minimum-time tip trajectory and then obtain a minimum-energy
joint trajectoryfor a particulartip trajectoryby a stable inversionap-
proach. The algorithm requires linearizationof the zero dynamics,
however, and, hence, is suboptimal. To speed optimization,Liu and
Kujath15 generated joint trajectories using pro� les with only one
unknown parameter, which was then optimized graphically to min-
imize the norm of the elastic coordinatesand rates. Finally, Yao and
Cheng16 expanded the joint angles as � fth-order polynomials plus
truncated Fourier series to minimize the global vibration energy.
The optimal trajectory generated with a four-term Fourier series
was compared in simulation to the (speed) optimized straight-line
path in joint space for a planar, two-link � exible manipulator.

Of the works reviewed here, only the last three have considered
global trajectory optimization to reduce vibration. The � rst14 was
suboptimalbecausethe zero dynamicswere linearized,the second15

severely limited the class of comparison trajectories,and the third16

only presented results for four basis functionswithout investigating
optimality. Furthermore, none of the aforementioned works report
experimental results.

In this paper, we determine the optimal joint trajectory among
those that achieve the speci� ed point-to-point maneuver. The op-
timization objective is to minimize the vibration excitation during
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the motion, representedby the strain energy integratedover the time
interval of the motion. This work presents a general trajectory op-
timization algorithm applied explicitly to vibration reduction. The
methodology is applicable to manipulators with arbitrary mass and
stiffness distributionsand any joint arrangement.To help verify the
algorithm, a numerical example is presented for which the optimal
trajectory is nontrivial yet physically justi� ed. Furthermore, the op-
timal solution calculated numerically is evaluated experimentally.
The purpose of the experimental demonstration is to determine the
extent to which the generated trajectory improves the actual perfor-
mance of the manipulator with respect to other trajectories and the
given objective functional.

The experimental � exible manipulator, described in the fourth
section, is con� gured so that the globallyoptimal path in joint space
differs in an intuitive way from a straight line. After identifying a
suitablemodel of the manipulator,we compare the globallyoptimal
trajectorywith two suboptimal trajectorieshavingstraight-linejoint
paths: one generated by a polynomial and the other by optimizing
the speedalong the straight-linepath. In theory, the globallyoptimal
trajectory minimizes the strain energy integrated over the entire
motion. Experimentally,all trajectoriesare evaluatedrelative to that
same objective. The penultimate section compares the total strain
energy incurred by the three trajectories, both in simulation and
experimentally.These resultsallowus to concludein the � nal section
that the globally optimal trajectory provides signi� cant vibration
reduction relative to the other trajectories.

Optimal Motion Planning Problem
Here we develop the motion planning algorithm to be applied to

the experimental manipulator in the next section. First, the motion
planning problem is formulated as one of functional optimization
subject to general � exible manipulator dynamics models. Then, af-
ter discussing the numerical implementation of the algorithm, a
numerical example is presented to illustrate the algorithm.

Proposed Formulation
This section begins by providing speci� c details of the functional

optimization problem. First, the general structure of the dynamics
equations for � exible manipulators is given. This structure allows
for some reduction in the complexity of the dynamics constraint
for our particular choice of unknown control inputs. The form of
the objective functional is then elaborated where, in addition to
the particular objective, the strain energy, the boundary conditions
and computational tractability also play a role. Finally, to solve
the functional optimization problem, an indirect numerical method
based on the well-known Pontryagin maximum principle will be
applied to the speci� c problem.

ManipulatorDynamics
For the present purposes, it is suf� cient to consider the � exible

manipulator dynamics equations in general form; details are given
in the cited references.17 For example, we write the dynamics equa-
tions, partitioned into the rigid and elastic part, as

Mrr .qr ; qe/Rqr C Mre.qr ; qe/q̈e C hr .qr ; qe; Pqr ; Pqe/ D ¿ (1)

MT
re.qr ; qe/q̈r C Mee.qr ; qe/q̈e C Kqe C he.qr ; qe; Pqr ; Pqe/ D 0 (2)

In these equations, qr is a column vector of m joint angles, and qe

contains s elastic coordinatesobtained from a � nite element model
of the � exible links. Also, the symmetric manipulator mass matrix
M is partitioned as shown, ¿ represents the applied joint torques,
and K is the manipulator stiffness matrix. (Here the manipulator
stiffnessmatrix is assumed to be constant, accordingto the common
assumption of linear elasticity theory. This assumption is made to
simplify some of the calculations,but is not necessary to employ the
proposed algorithm.) The hr and he vectors contain the nonlinear
inertia terms and gravitational forces.

In typical control formulations, the choice of unknown inputs
u D ¿ is physically appropriate. For path planning purposes, u can
be chosen to be the position coordinates q. In the presence of non-
integrable velocity constraints, the velocity Pq of the system could

be chosen.18 However, given the dynamics constraints in our prob-
lem [Eq. (2)], we choose u D Rqr . The advantage of our choice is
that the rigid dynamics equations [Eq. (1)] are not necessary for the
solution of this problem, but can be used to calculate the torques
if desired. Such a calculation is also simpler than the converse one
of calculating the accelerationsgiven the torques because the mass
matrix M does not need to be inverted. Furthermore, approxima-
tions of u by splines or Fourier series can be integrated analytically
rather than numerically to determine qr . The dynamics constraint
can, therefore, be summarized in state-space form by solving the
elastic dynamics [Eq. (2)] for q̈e and writing

Px D f .x; u/ (3)

Px D

0

BB@

Pqr

Pqe

u
¡M¡1

ee

¡
MT

reu C Kqe C he

¢

1

CCA (4)

where the n-dimensional state vector is de� ned to be

x :D
¡
qT

r ; qT
e ; PqT

r ; PqT
e

¢T
(5)

for n D 2.m C s/ and qr 2 Rm and qe 2 Rs .

Objective Functional
For a givenpoint-to-pointmaneuver in joint space,with zero � nal

elastic states, our objective is to � nd the intervening joint trajectory
that minimizes vibration.We choose to represent the total vibration
of a trajectory by the manipulator’s strain energy

V .qe/ :D 1
2
qT

e Kqe (6)

integrated over the � xed time interval [0; T ] of the trajectory. For
now we will also includepenaltyfunctionson the � nal state and con-
trol inputs with justi� cation for this approach to follow. Therefore,
we choose the following general expression for the cost functional:

J [u] D 1

2
xT

e Pxe C 1

2

Z T

0

.xT Qx C uT Ru/ dt (7)

Here, P and Q 2 Rn £ n are constant,positive semide� nite weighting
matrices on the � nal state error xe and the state x; respectively,and
R 2 Rm £ m is a constant, positive de� nite weighting matrix on the
control inputs. The � nal state error is

xe :D x.T / ¡ xd (8)

where the desired � nal state xd ; prescribed at the � nal time T; is
constant for point-to-pointmaneuvers. Note that the penalty on the
� nal state error could equivalentlybe included within the integrand
but is written thusly for clarity.

We now specify in detail the weighting matrices P; Q; and R
appropriateto the statedobjectives.In accordancewith ourobjective
ofminimizingthe strainenergygivenbyEq. (6),we choosetheblock
diagonal matrix

Q D.1=ET / diag.0; K; 0; 0/ (9)

where K is the manipulator’s constant stiffness matrix. Each term
in J [Eq. (7)] is scaled by a constant characteristic energy value E
to make the objective dimensionless. Scaling does not change the
optimal solution but facilitates comparison of J values for differ-
ent manipulators and trajectories. We have chosen E D ML2=T 2

with M and L being the total mass and length of the manipulator,
respectively.

Although our primary interest lies in minimizing the strain en-
ergy, choosing the input weighting matrix R to be positive de� nite
improves the tractabilityof the formulation by ensuring that the op-
timization problem is not singular. A small weighting on the inputs
is, therefore, speci� ed by

R D° T 3I (10)
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where 0 < ° ¿ 1 is a dimensionless constant and I is the m £ m
identity matrix. To penalize errors in the � nal state, we choose

P D ¯

E

2

664

®EI 0 0 0

0 K 0 0

0 0 Mrr Mre

0 0 MT
re Mee

3

775

­­­­­­­­
x D xd

(11)

thusweightingthe componentsof the � nal stateerror accordingto an
associated energy, either the strain energy, the kinetic energy, or an
arti� cial potential energy of the � nal joint angle error. The matrix
P is made constant by evaluating the constituent block matrices
at the desired � nal state x D xd : The factors ® and ¯ are positive,
dimensionless constants.

The three terms of the cost J in Eq. (7) represent a penalty on
the � nal state and the integrals of the strain energy and penalty on
the inputs, respectively. Thus, ¯ represents the relative weighting
assigned to achieving the � nal state vs minimizing the strain energy
en route. Similarly, ® weights the arti� cial potential energy of the
� nal joint angle error relative to the physical energies associated
with the other � nal states. Note that the weight factor ° is chosen
to be very small, but not zero, so that the optimization problem is
not singular, yet the input costs remain insigni� cant relative to the
strain energy and � nal state costs.

Optimality
To minimize the objective (7) subject to the nonlinear dynamics

(4) we apply the well-known Pontryaginmaximum principle (PMP)
(see Ref. 19). Introducing the costate vector p, we � rst form the
scalar function

H .x; p; u/ D 1
2 xT Qx C 1

2 uT Ru C pT f .x; u/ (12)

The PMP then implies that a necessary condition for a local min-
imum is that H be minimized with respect to u at all times. If it
is assumed that the set of admissible inputs is not bounded, this
condition is equivalent to

@ H

@u
D uT R C pT @f .x; u/

@u
D 0;

@2 H

@u2
D R > 0

8t 2 [0; T ] (13)

Additionalnecessaryconditionsare that the state dynamics [Eq. (4)]
be satis� ed and that the costate evolve according to

Pp D ¡Qx ¡
µ

@f .x; u/

@x

¶T

p (14)

subject to the boundary conditions

x.0/ D x0; p.T / D Pxe (15)

Rather than solvingEq. (13) for the optimal inputu and obtaining
a two-point boundary value problem in the state x and costate p, the
solution algorithm described in the next section will minimize the
objective J directly, subject to the state and costate dynamics, and
converge to a solution of Eq. (13).

Numerical Solution
For numerical implementation,the in� nite dimensionaloptimiza-

tion problem is discretized by optimizing the values of the inputs
ui :D u.ti / at N equally spaced knot points ti , where i D 1; : : : ; N ,
and t0 D 0 and tN C 1 D T . The constraints u.0/ D u.T / D 0 are im-
posed at the ends of the time interval to enforce continuity. By
interpolating between the knot values, u is approximated by the
twice continuously differentiable interpolatory cubic spline sN .t/
with clamped end conditions PsN .0/ D PsN .T / D 0, where sN .ti / D ui

(Ref. 20).
An initial estimate for the parameters ui , together with the inter-

polation, then allows the state dynamics [Eq. (4)] to be integrated
forward in time from the given initial state. With both x and u
known, the costate dynamics [Eq. (14)] are integratedbackwards in

time from the given � nal condition [Eq. (15)]. Finally, the value of
the objective J is evaluated.

To improve the convergence rate of the nonlinear optimization,
the gradient of the objective with respect to the parameters of u is
approximated by

@ J

@ui
¼ 1t

@ H

@ui
; i D 1; : : : ; N (16)

where equality is obtainedin the limit as N ! 1. This result agrees
with the in� nite-dimensional case for which it can be shown that
the bounded variation ±u that minimizes

± J D
Z T

0

³
@H

@u
±u

´
dt (17)

is proportional to @ H=@u (Refs. 21–23). Finally, the gradient of H
is determined from the values of the states and costates at each knot
point according to Eq. (13), evaluated only at the knot points:

@ H

@ui
D uT

i R C pT
i

@f .xi ; ui /

@ui

(18)

To implement the numerical optimization, the input vectors ui ,
i D 1; : : : ; N , are assembled into a single vector u6 . With the func-
tion value J .u6 / and its gradient@ J=@u6 available,determiningthe
optimalvalue of u6 becomes a nonlinearmultivariableoptimization
problem. A quasi-Newton numerical optimization scheme, includ-
ing a line search algorithm, was used to determine the optimal joint
acceleration parameters u6 .

Numerical Example
To verify the numerical implementationof the optimizationalgo-

rithm, this section presents the optimal solution for a point-to-point
motion task of a simulated manipulator named REMspatial. The
REMspatial manipulator is chosen as a convenient example for
which the optimal paths are nontrivial yet physically justi� able. It
has two joints (two rigiddegreesof freedom) and two links,with the
� rst link rigid and the second link � exible with planar bending only
(Fig. 1). A steel sphere at the tip of the � exible aluminum link acts
as the payload. Table 1 lists the physical properties of the bodies.
The � exible link is modeled by a single beam element giving two
elastic coordinates,the de� ection and the slope of the tip of the link.

Rotationof the second joint allows any orientationof the bending
plane relative to the rotation plane of the � rst link. In particular, the
bendingplaneof the � exiblelink canbe orientedto decouplethe link
vibrationfrommotionof the � rst joint.This con� gurationthus helps
verify motion planning schemes by providing an intuitive solution
for trajectorieswith minimal vibration excitation.

The task is to move the joints from (¡90, 0 deg) to (90, 0 deg),
rest to rest, in 5 s. The joint accelerations were interpolated using
500 knotpoints.The weightingfactors in the objectiveare ® D 10¡1,
¯ D 10, and ° D 10¡10 . Figure 2 shows the solution for the optimal
joint speed as a functionof locationalong the optimal joint path. As
expected,the optimalpath � rst prescribeselbowrotationthat orients

Table 1 Physical properties
of REMSPATIAL

Body Dimensions, cm Mass, kg

Rigid 53 Length 0.8
Elastic 50 £ 5 £ 0.6 0.4
Sphere 13.4 Diameter 10

Fig. 1 REMSPATIAL manipulator.
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Fig. 2 REMSPATIAL joint speed superimposed on joint path.

Fig. 3 REMSPATIAL shoulder (——) and elbow (– – –) joint accelerations, rates, and angles.

the � exible link to decouple vibration from shoulder joint rotation.
After slewing the shoulder joint, the elbow joint is returned to the
desired angle. Because decoupling is complete when the elbow is
orientedat§90deg, theoptimalpath incurszerovibrationregardless
of the speedalong the path.Note that, for the optimal trajectory,only
one joint is moving at any particular time, giving zero speed at the
sharpcorners in the jointpath.Simple speedpro� les commonlyused
for point-to-point maneuvers, such as polynomial and trapezoidal,
are not well suited to such joint paths.

For veri� cation purposes, the solution for the optimal joint ac-
celerations is shown in Fig. 3, togetherwith the correspondingjoint
rates and angles. The resulting vibration is represented by the elas-
tic coordinates (Fig. 4) and by the strain energy (Fig. 5), which was
the primary component of the optimizationobjective.Although we
expect there to be zero vibration along the optimal path, there is a
small amount of strain incurred just before the � rst corner of the
joint path after 1 s. By the 1.5-s mark, it is clear in Fig. 3 that both
joints are moving simultaneously. Because the elbow joint is not
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Fig. 4 REMSPATIAL elastic coordinates, � exible link tip de� ection, and slope.

Fig. 5 REMSPATIAL strain energy.

yet at 90 deg, there is a small amount of coupling between shoul-
der joint accelerationand vibration.Damping of this vibration may
also explain the small deviation of the elbow joint from 90 deg
at the midpoint of the motion. Comparison of previous results us-
ing 50 knot points (not shown) to the results presented here for
500 knot points demonstrated that the signi� cance of both phenom-
ena was greatly reduced with the increase in the number of knot
points.

Experimental Flexible Manipulator
This section describes the physical manipulator used for the ex-

periments. The dynamics model of the manipulator employed by
the optimization algorithm is based on parameters that were either
obtained from an earlier analytical study or identi� ed from exper-
imental vibration testing. The methodology and results of the vi-
bration testing are detailed here, and the joint controller is brie� y
described.
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Fig. 6 Experimental � exible manipulator.

Fig. 7 Attachment of base of � exible link to elbow motor.

Manipulator Construction
The experiments were conducted on a � exible robotics testbed

within the Space and Subsea Robotics Laboratory.24 The � exible
manipulator was constructed of two NSK direct-drive motors, the
shoulder and the elbow, that were connected by a rigid link and
supported by air bearings on a glass table top (Fig. 6). A � exi-
ble aluminum link (6:35 £ 50:8 £ 500 mm) was mounted vertically
along the axis of the elbow motor (Fig. 7) and a payload was at-
tached to the tip of the � exible link. This con� guration was chosen
so that the orientation of the link’s bending plane with respect to
the direction of motion of the link’s base could be determined by
the elbow joint angle. Thus, the coupling of shoulder joint rotation
to link vibration could be varied. Note that this particular setup was
designed speci� cally to evaluate the trajectoryoptimizationand not
for vibration control.Local strain of the � exible link was sensed by
two strain gaugespermanentlyaf� xed at one-thirdand two-thirdsof
the length of the link. A 4.4-kg steel cylinderbolted to the top of the
� exible link formed the payload as seen in Fig. 6. Also visible is a
horizontal rigid link attached to the outputcoupler of the elbow mo-
tor.This link was includedsimply to increasethe rotationalinertiaof
the payload, thereby improving the trajectory tracking performance
of the controller.

Manipulator Model
The properties of the motors were obtained in an earlier study25

and are listed in Table 2. The properties of the rigid and elastic
links are as for the numerical example (Table 1). Because of the
vertical orientation of the � exible link, gravity was included in the
simulation, although a simple analyticalmodel showed that the � rst
natural frequency would be lowered by only 0.1 Hz. The � nite ele-
ment model of the cantilevered� exible link employeda single beam
element. The properties of the payload are included in Table 2.

An additionalcomponentof the model was a virtualhinge located
at the base of the � exible link. Because the elbow motor was ob-
served to rock within its casing during vibrationof the � exible link,

Table 2 Basic physical properties of the experimental
manipulator motors and payload

Body Mass, kg Dimensions, cm

Shoulder rotor 11.56 Radius: 18
Shoulder output coupler 1.69 ——
Elbow input coupler 0.35 ——
Elbow case 11.62 ——
Elbow rotor 2.95 Radius: 11
Elbow output coupler 0.61 ——
Steel cylinder 4.43 Diameter: 12.7; Height: 4.4

Table 3 Parameters of the virtual hinge

Parameter Value

Radius 0 m
Rotational inertia 0.05 kg ¢ m2

Torsional stiffness 672 N ¢ m

the hinge was added to allow an additional degree of freedom be-
tween the elbow joint and the � exible link. The hinge was modeled
as a rod in torsion with a single elastic degree of freedom and was
oriented to rotate in the bending plane of the � exible link. Experi-
mental identi� cation of the radius, rotational inertia, and torsional
stiffness of the hinge is described in the next section.

Vibration Testing and Parameter Identi� cation
Because the trajectory optimization procedure prescribes trajec-

tories that attempt to dampenvibrationat the frequencypredictedby
the model, and there is no feedback of elastic deformation in these
experiments, it is important for the manipulatormodel to have natu-
ral frequencies similar to the experimentalmanipulator.Otherwise,
a large mismatch between actual and model frequencies results in
poordampingor evenvibrationexcitation.The parametersof thevir-
tual hinge were, therefore,chosen to attain a satisfactoryagreement
between the natural frequencies of the model and the experimental
manipulator, particularly at the fundamental frequency.

To determine the natural frequencies of the assembled system,
vibration of the � exible link was excited in three different ways:
plucked, struck, and slapped. For plucking in particular, bending
was excited and signi� cant rocking of the elbow motor was also
induced. The three spectra of the estimated tip slope (Fig. 8) agree
in placing the � rst natural frequency at 2.5 Hz. In contrast, the nu-
merical model without the hinge predicted a � rst natural frequency
of about 3.75 Hz.

For the purposeof demonstratingthe trajectoryoptimizationpro-
cedure, the next section shows that matching only the � rst natural
frequencywas suf� cient to give satisfactoryresults.To achievesuch
a match, the radius, rotational inertia, and torsional stiffness of the
virtual hinge were adjusted. These three parameters allowed a sec-
ondary goal to be achieved, which was to lower the highest natural
frequency of the composite model. The highest frequency compo-
nent has negligiblein� uenceon the results,but limits the integration
stepsize during numerical simulation.

Table 3 gives the parameters of the virtual hinge obtained by
matching the � rst natural frequencyand minimizing the highest fre-
quency. The frequencies were determined from the � nite element
model of the virtual hinge, link, and payload mass, and the min-
imization was performed graphically. Clearly, the hinge is a non-
physical addition to the analytical model of the manipulator. The
hinge does, however, allow the numerical simulation to match the
� rst natural frequency of the experimental manipulator. For future
investigations, the analytical model can be re� ned by determining
the physical nature of the rocking of the elbow motor.

Note that the damping ratio of the � exible link (includingrocking
of the elbow motor) was determined to be less than 1%. Damping
was, therefore, not included in the simulation model.

Joint Controller
Throughout all experiments, a simple proportional–derivative

(PD) controller was used for joint trajectory tracking. There were
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Fig. 8 Power spectral density of � exible link tip slope under different modes of excitation.

Table 4 Independent PD controller feedback gains

GainsnJoint Shoulder Elbow

Proportional, N ¢ m/rad 6400 500
Derivative, N ¢ m ¢ s/rad 150 12

100 set points for each of the desired joint angles and desired joint
rates linearly interpolated by the controller, which ran at 4000 Hz
(Ref. 26). The feedback gains were adjusted independentlyaccord-
ing to heuristics provided by the motor manufacturer.The resulting
gains are listed in Table 4. The performance of the controller will
be summarized at the end of the experimental results presented in
the next section.

Trajectory Comparison
Having de� ned a suitable model of the experimental manipula-

tor for input to the global optimization procedure, we can generate
point-to-pointtrajectoriesfor comparison.In this sectionwe present
simulation and experimental results showing the performance im-
provement possible with trajectory optimization.

Task Description
The task consideredhere is a slew of the shoulder joint while the

elbow joint begins and ends the motion with the same orientation.
Speci� cally, the task was to move from (0, 0 deg) to (120, 0 deg)
in joint space, rest to rest, in 4 s. Recall that only planar bending
of the � exible link was modeled. Elbow joint rotation, thus, varies
the orientation of the bending plane with respect to the linear ac-
celeration and velocity of the base of the � exible link. In the 0-deg
con� guration,the bendingplaneof the � exible link is perpendicular
to the major axis of the rigid link. This task was, therefore,chosen to
highlight the vibration decoupling possible by appropriate rotation
of the elbow joint, that is, by not following a straight line in joint
space.

Trajectory Generation
The motion of the manipulator in joint space can be decomposed

into two independent parts: the path of the joints and the speed
at which the path is traversed. Other researchers have proposed
methods that vary one or the other. For example, the coupling map7

varies the path but uses a polynomial in time to determine the joint
rates and accelerations,whereasothermethods vary the speed along

the path but do not alter the path. However, functional optimization
of the trajectory gives simultaneously the optimal path and speed
pro� le for a given maneuver.

As an illustration of the effects of varying the joint path and
speed separately and in combination, we consider the following
trajectories for comparison.

Fifth-Order Polynomial
The � rst trajectory generation method expresses the joint angles

as a � fth-orderpolynomial in time. Besides the speci� ed endpoints,
the boundary conditions are zero velocity and acceleration at each
end of the trajectory.This common method of trajectory generation
always gives straight-line paths in joint space. The speed along the
path is also predetermined by the polynomial, and so no optimiza-
tion takes place. Thus, this particular trajectory demonstrates the
case when the trajectory between the endpoints of the maneuvers is
speci� ed.

Globally Optimal Straight Line
The second method shows the best that can be achieved without

considering different paths in joint space. Only the speed is opti-
mized by constraining the motion to the straight-line path in joint
space. Trajectories were generated using the global optimization
procedure with cost parameters ® D 10¡1; ¯ D 10; and ° D 10¡10:

Globally Optimal
Finally, the third method includes the second method but also

considers different paths in joint space. The same cost parameters
were also used. This is the most general case in which both the joint
path and speed are optimized.

In the discussion to follow, we shall refer to each of these three
trajectories as polynomial, constrained, and optimal, respectively.

Simulated Results
We now compare the three preceding trajectories as determined

through simulation. Figure 9 depicts each of the three paths in the
horizontal plane with the path speeds superimposed in the vertical
dimension. A physical interpretationof the globally optimal path is
as follows. Vibration of the � exible link is excited by linear accel-
eration of the base of the � exible link, at the elbow joint. (Recall
that the model assumes that elbow joint rotation does not excite vi-
bration.) This acceleration lies in the plane of the motors and can
be decomposed into two orthogonal components, one tangential to



POND AND SHARF 841

Fig. 9 Joint paths and path speeds from (0, 0 deg) to (120, 0 deg) for three comparison trajectories.

the circular path of the elbow and one radial. When the elbow joint
is at 90 deg, the rigid link is in the bending plane of the � exible
link. A rotational acceleration of the shoulder joint would result in
a tangential acceleration of the base of the � exible link, which is
normal to the bending plane. Such normal accelerations excite no
vibration. As seen in Fig. 9, the globally optimal path, therefore,
begins and ends by orienting the elbow to decouple link vibration
from accelerationof the shoulder joint. When the shoulder joint rate
is high, but joint acceleration is low, the centripetal (radial) accel-
eration on the link base becomes more signi� cant than the tangen-
tial acceleration, and the decoupled con� guration has the elbow at
0 deg.

Although the solution trajectory exhibited some sensitivity to
� exible model parameters with respect to the optimal joint speed,
motivating the virtual hinge and improved parameter identi� cation,
the interpretationof the optimal joint path provided is relatively in-
sensitive to variations in the � exible model parameters. The same
optimal path would be expected for any � exible manipulator with
the same con� guration and a � exible link with different transverse
bending stiffnesses.

All of the trajectories compared here satisfy the primary task of
point-to-point joint motion, at least within a desired tolerance.Our
choice of objective function, however, also re� ects our secondary
desire to minimize the strain energy created during the motion. The
resulting strain energy during the simulated motion is shown in
Fig. 10.

To give a more precise comparison of the three trajectories, we
tabulate the value of the terms in the objective function [Eq. (7)]
for each case. Recall that the three terms in the objective function
are the penalty on the � nal cost, weighted by the P matrix; the
integral of the strain energy, weighted by the Q matrix; and the
integral of the input cost, weighted by the R matrix. These three
terms are labeled � nal, strain, and inputs, respectively. Table 5
gives these three costs, as well as the total cost, for the three sim-
ulated trajectories. Note that, in each case, the cost associated with
the strain energy is the greatest, whereas the cost associated with
the inputs is the least. Thus, the inclusion of the input cost to
make the optimization problem nonsingular has not signi� cantly
affected the solution. As expected, the cost associated with the
strain energy, as well as the total cost, are least for the optimal
trajectory.

Table 5 Objective function costs for simulated trajectories

TasknCost Final Strain Inputs Total

Polynomial 1.69e¡4 1.39e¡3 3.04e¡12 1.56e¡3
Constrained 2.73e¡5 1.00e¡3 2.42e¡12 1.03e¡3
Optimal 4.97e¡8 8.21e¡6 1.84e¡10 8.26e¡6

Table 6 Objective function costs for experimental motions

TasknCost Final Strain Inputs Total

Polynomial 1.42e¡4 3.21e¡3 1.29e¡9 3.35e¡3
Constrained 7.73e¡4 2.51e¡3 9.18e¡10 3.28e¡3
Optimal 1.09e¡3 6.92e¡4 3.65e¡8 1.78e¡3

Experimental Results
Before presenting the experimental results, it is appropriate to

summarize here the performance of the joint controller. Because
the actual motion achieved experimentally is not exactly the mo-
tion that was prescribedby the simulation results, it is important to
characterize the differences, particularly as they relate to vibration
excitation.

The actual paths followed experimentally are indistinguishable
from the commanded paths at the scale shown earlier in Fig. 9.
In fact, the maximum joint angle errors were less than 4 deg. The
shoulder joint rate error was less than 5 deg/s although the elbow
joint rateerrorsometimesreached20deg/s for theoptimaltrajectory.
All tracking errors were signi� cantly less than these bounds for
the straight-linetrajectories.Accordingly,the qualitativeagreement
between simulated and experimental (actual) results is the best for
these trajectories.

The actual strain energy for each trajectory was qualitatively the
same as predicted,as shown in Fig. 11, although the magnitude was
higher than expected. Table 6 shows the costs as measured from
experimental data. The value of the integral costs were approxi-
mated by the trapezoidal rule. As already alluded, because of the
more dif� cult trajectory tracking requirements of the optimal tra-
jectory, the � nal cost for the optimal trajectory is higher than for the
straight-line trajectories. However, both the strain and total costs
remain signi� cantly less than the corresponding costs for the other
trajectories.
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Fig. 10 Simulated strain energies for three comparison trajectories.

Fig. 11 Experimental strain energies for three comparison trajectories.

Summary and Conclusions
We present a global joint trajectoryoptimizationalgorithm to de-

termine the optimal joint trajectoryamong those that achieve a spec-
i� ed point-to-pointmaneuver.The optimizationobjective is to min-
imize the vibration excitationduring the motion, representedby the
strain energy integratedover the time interval of the motion. Of the
global optimization algorithms proposed in the literature to reduce
explicitlyvibrationin � exiblemanipulators,thealgorithmpresented
here is more general in that it both allows nonlineardynamics mod-
els and considers a broader class of candidate trajectories. To help
verify the algorithm, a numerical simulation example is presented
for which the optimal trajectory is nontrivialyet physically justi� ed.

The purpose of this work was to demonstrate experimentally the
extent to which a trajectory generated by the global optimization

procedureimprovestheperformanceof themanipulatorwith respect
to other trajectories and a given objective functional. Speci� cally,
we comparedthree trajectoriesfor a givenpoint-to-pointmotion task
to evaluate the reduction in strain energy achieved by varying both
the joint path and speed along that path. The experimental results
presentedshow that a signi� cant reduction in manipulator vibration
can be achieved by employing the global optimization procedure.
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